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THE FUNDAMENTAL GROUP OF SYMPLECTIC 
4-MANIFOLDS WITH b+ = 1 

ANAR AKHMEDOV AND WEIYI ZHANG 


Abstract. In this article we apply the technique of Luttinger surgery 
to study the complexity of the fundamental group of symplectic 4- 
manifolds with holomorphic Euler number = 1- We discuss the 
topology of symplectic 4-manifolds with b"*" = 1 and provide various 
constructions of symplectic 4-manifolds with = 1 and prescribed cf. 


1. Introduction 

Symplectic 4-manifolds with b'^ = 1 play a very important role in the 
theory of smooth 4-manifolds. The first compact example of homeomorphic 
but non-diffeomorphic orientable 4-manifolds (Dolgachev surface E(l) 2,3 vs 
rational surface CP^#9CP^) have b~^ = 1. This was proved by Donaldson in 
the ground-breaking article |16) using SU{2) gauge theory. Nowadays, it is 
still an active and challenging problem to construct symplectic 4-manifolds 
which are homeomorphic but not diffemorphic to small rational surfaces. A 
concise history of constructing exotic smooth structures on simply-connected 
4-manifolds with b'^ = 1 can be found in the introductions of HIS]. For recent 
progress on this problem we refer the reader to ([aiiiis]), where the hrst 
exotic minimal symplectic CP^^^/cCP^ (for 2 < k < 5) were constructed. The 
small exotic symplectic 4-manifolds with 6^ = 1 also play very important role 
in understanding the geography of symplectic 4-manifolds. Many interesting 
applications of the symplectic 4-manifolds with 6+ = 1 to the geography of 
simply connected non-spin and spin symplectic 4-manifolds can be found in 
[MliaiSlE] and the references therein. It is also worth mentioning the work 
in |28| . where the restriction on the fundamental group of the aspherical 
symplectic 4-manifolds has been studied by Ibahez-K^dra-Rudyak-Tralle. 

The wall crossing phenomenon of Seiberg-Witten invariant along with 
Taubes’ SW=Gr does provide us abundant J-holomorphic curves on sym¬ 
plectic 4-manifolds with b'^ = 1. This fact is the cornerstone for many 
similarities between these symplectic manifolds and algebraic surfaces. Es¬ 
pecially, this holds true for many properties involving linear systems or family 
of curves in a given homology class. 
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A Kahler surface with ft'*' = 1 has the geometric genus pg = h^’'^ = 
/i2,0 _ Q gy Kodaira embedding theorem, any such surface has to be an 
algebraic one. Besides several similarities with algebraic surfaces from the 
geometric aspects stated above, the topology of symplectic 4-manifolds with 
= 1 is quite different from that of algebraic surfaces with pg = 0. For 
example, it is expected that there are infinitely many minimal symplectic 
manifolds which are homeomorphic but not diffeomorphic to 
with k > 2. But on the other hand, there are only finitely many such 
algebraic surfaces since the moduli space is a quasi-projective variety. 

One of the main goals of the current article is to demonstrate the huge 
difference between the topology of symplectic 4-manifolds with 6'*' = 1 and 
that of algebraic surfaces. In this paper, we are mainly interested in compar¬ 
ing the fundamental groups that occur in these two categories, rather than 
simply connected 4-manifolds. 

In a seminal paper, published in the Annals of Mathematics in 1995, 
Gompf |24| showed that any finitely presented group G is the fundamental 
group of some symplectic 4-manifold. One drawback of the construction 
is that the symplectic 4-manifolds in |24| are too large. It is then very 
natural to ask the “smallest size” of such symplectic 4-manifolds with a given 
fundamental group G. Since the first Betti number bi{G) is determined by 
the group G as the rank of M O (G/[G, G]), a natural quantity to describe 
the size is b'^. Our first result is the following 

Theorem 1.1. For any finitely presented group G which is dual finite tor¬ 
sion, there is a finitely presented group G' with surjective group homomor¬ 
phism G' —» G, such that there is a minimal symplectic 4:-manifolds X{G) 
with b'^{X(G)) = bi{G) + 1, 'Ki{X{G)) = G' and c1{X(G)) = 0. Moreover, 
hi{G) = bi{G'). 

Here we call a finitely presented group G = (xi, • • • , Xfc | Zi, • • • , Im) 
is dual finite torsion if we write the relators Z,, after abelianization, as 
• • • x™'"% then the matrix {mij)i<i<k,i<j<m has rank m. 

For most G, the smallest value of b'^ that is known to occur in symplectic 
4-manifolds with vri = G is 6i(G) -|- 1. See later discussion for details. 

By applying our Theorem II.II to the symplectic 4-manifolds with b'^ = 1, 
we deduce the following corollary 

Corollary 1.2. Given any finitely presented group G which is dual finite 
torsion with bi{G) = 0 there is a minimal symplectic A-manifold with b'^ = 1, 
cf = 0 and tti = G' where G' surjects onto G and 6i(G) = 6i(G'). 

The groups G with 5i(G) = 0 are often called Q-perfect in the literature. 

Most of the symplectic 4-manifolds that we construct in this paper are 
non-Kahler. Any minimal complex surface with = 0 is an elliptic surface. 
When Z)"*" = = 1, the fundamental groups are the 2-orbifold fundamental 

groups = {X1,X2, • • • ,XA;|xf = xf^ = • • • = xf'^ = XlX2 • • - Xfc = 

1} (see |21) for details). While in our construction, the most groups are not 
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of this type. It is also interesting to notice that does not surject 

to many groups, e.g. the congruence subgroup ^^ 3^4 (see Remark 13.8jl . 

Theorem o and Corollary 11.21 suggest the following: for any finitely pre¬ 
sented group G, there is a minimal symplectic 4-manifold X with b^{X) = 
61 (G) -|- 1, ' 7 ri(X) = G and c1(X) = 0. In this paper, we verify this when G 
is a free product of cyclic groups (Theorem 13. 5 j) and a slightly more general 
case (Remark 13.7jl . The full version will be discussed in a sequel. 

Our next focus are symplectic 4-manifolds of general type. After con¬ 
structing minimal symplectic 4-manifolds with arbitrary first homology group 
in Section 13.31 we build symplectic examples with small size and prescribed 
cf and abelian fundamental groups. 

Theorem 1.3. For any integer 2 < h < 3, there exist minimal symplectic 
A-manifolds Xp^q and Xp with p,q > 1 such that 

(1) Tri{Xp^q) =ZpX Zq, b+{Xp^q) = 1 and cf(Ap,g) = h; 

(2) Tri{Xp) = Z X Tip, b'^{Xp) = 2 and cf{Xp) = h. 

For any p,q > \ with gcd(p, 2q) = 1, there exists minimal symplectic 
A-manifold Xp^q such that 

TTliXp^q) =ZpX Zq, 6+(Xp,q) = 1, cj{Xp^q) = 1. 

On the other hand, for algebraic surfaces with cf = 1 (resp. cf = 2) and 
Pg = 0 , the algebraic fundamental group has to be finite, and could only 
have order at most 5 (resp. 9). 

The main surgical technique that we employ in our constructions is Lut- 
tinger surgery |34) . It has been effectively used recently to construct sym¬ 
plectic 4-manifolds m El EH ng E] (see also more recent articles mmaE] 
where various interesting constructions are presented). Luttinger surgery in¬ 
troduces the commutator relation to the fundamental group in our examples, 
and thus it usually changes the fundamental group of the original 4-manifold. 
In fact, by carefully choosing the surgery coefficients and performing the fiber 
summing with other building blocks, we construct symplectic 4-manifolds 
with various fundamental groups. 

Our article is organized as follows. We first begin by comparing several 
topological aspects of symplectic 4-manifolds and algebraic surfaces. We 
mainly focus on 4-manifolds with 6 '*' = 1, although there are discussions on 
the size of symplectic manifolds with given fundamental group in Section IThl 
and related results as in Proposition 12.71 Next, we apply Luttinger surgeries 
and symplectic fiber sum along to prove Theorem 11.11 and also construct 
other examples with cf > 0. In the final section, we construct symplectic 4- 
manifolds using both symplectic fiber sum and rational blowdown surgeries. 
This provides an alternative way to obtain symplectic 4-manifolds with cf > 
0 and cyclic fundamental groups. 
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2. Topology of symplectic 4-manifolds and algebraic surfaces 

WITH 6 + = 1 

In this section, we study the topology of symplectic 4-manifolds with 
ft"*" = 1 and algebraic surfaces with pg = 0. Our main focus will be the 
fundamental group. 

2.1. Complex and Symplectic Kodaira Dimensions. The notion of Ko- 
daira dimension has been introduced by K. Kodaira for complex manifolds. 
It has played a fundamental role in the classification theory of complex sur¬ 
faces. 

If the manifold X admits a complex structure J, then the Kodaira di¬ 
mension is defined as follows (in the case diiURX = 4): The n-th plurigenus 
Pn{X, J) of a complex manifold is defined by Pn{X, J) = with fCj 

the canonical bundle of (X, J). 

Definition 2.1. The complex Kodaira dimension k^{X, J) of a complex sur¬ 
face X is defined as 


—oo if Pn{X, J) = 0 for all n > 1, 

I 0 if Pnlx,J) e {0,1}, but ^0 for all n>l, 

^ ^ 1 ifPn{X,J)r^cn;c>0, 

2 if Pn{X, J) ~ cn^; c > 0. 

For symplectic 4-manifolds, there is also a notion of symplectic Kodaira 
dimension (see [m ESI [33]). 

Definition 2.2. For a minimal symplectic A-manifold {X^,uj) with symplec¬ 
tic canonical class the Kodaira dimension of {X^,u}) is defined in the 
following way: 


Kuj ■ < 0 , 

Kuj ■ Kuj = 0 , 

Klo ■ Kui = 0 , 

Ku! ■ Kuj > 0 . 

n is defined to be that of 

It is proved in m that the symplectic Kodaira dimension is a diffeomor- 
phism invariant. Also, it was shown in m that the symplectic Kodaira 
dimension coincides with the complex Kodaira dimension when both are 
defined. 

It is proved by McDuff that all symplectic 4-manifolds with = — oo has 
to be (diffeomorphic to) a rational or ruled surface. Thus, all of them have 
b~^ = 1 and could be endowed with Kahler structure. 

All the other minimal symplectic 4-manifolds have cf = K^ > 0. Using 
this inequality, we obtain several topological restrictions for such symplectic 


K^{X^,aj) = < 


—oo if Ki,j • [w] < 0 or 

0 if K^^ ■ [w] = 0 and 

1 if Ki^ ■ [w] > 0 and 

2 if K,^ • [w] > 0 and 

If {X^,oj) is not minimal, its Kodaira dimensic 
any of its minimal models. 
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4-manifolds. Since cf(X) = 2e(X) + 3a{X) > 0, we have 2(2 — 26i + 6“*’ + 
b~) + 3(6'*' — b~) > 0. Here e{X) and cr{X) are Euler number and signature 
of X respectively. In summary, when 6^ = 1, we have 46i + 6“ < 9. Since 
ft'*' = 1 and 6'*' — bi has to be odd, 6i = 0 or 2. In other word, we either have 

(1) 6 i = 0, 6 “ = 0,1, • • • ,9; or 

( 2 ) bi = 2,b- = 0 or 1 . 

2.2. Algebraic surfaces. Algebraic surfaces with pg = 0 are of Class I in 
Kodaira’s classification list. They achieve all possible Kodaira dimensions. 
Let us assume that the algebraic surfaces are minimal. 

On an algebraic surface S, the geometric genus pg := Pi := h^{S, Ks), 
along with the irregularity q := h^{Os) determines the holomorphic Euler 
characteristic Xh{S) := xiC's) ■= 'i- - Q + Pg- 

The case 6 i = 2, 6 “ = 0 cannot occur for algebraic surfaces with pg = 0, 
since it violates the Bogolomov-Miyaoka-Yau inequality cf < 3 c 2 for surfaces 
of general type. All the rest have algebraic examplars. 

For the other possibility in case (2), i.e. when 6 i = 2, 6 “ = 1, a surface 
could be an bundle over which has Kodaira dimension — oo, or a 
hyperelliptic surface which has Kodaira dimension zero. 

For case (1), if b~ = 9 and minimal, it has to be an elliptic surface. For 
example, it could be a Dolgachev surface, which is simply connected and has 
Kodaira dimension one. It also could be Enriques surface, which has Kodaira 
dimension zero and tti = Z 2 . More generally, the following fundamental 
groups are realized by K(l)p^^p 2 ,-" logarithmic transformations with 

coefficients pi, - • • ,Pk performed on elliptic K(l)): 

7ri(F;(l)pi,P2,...,pJ = {xi,X2, ■ ■ ■ ,Xk\xl^ = = ■ ■ ■ = xl^ = X 1 X 2 • • • Xfc = 1}. 

We denote these groups by It is finite only if A: < 3. All 

the finite groups in this family are subgroups of SO{ 3 ): the cyclic groups 
Zm, dihedral groups Dm, A 4 , S4 and S5, corresponding to {mp,mq) with 
{p,q) = 1) (2,2,m), (2,3,3), (2,3,4) and (2,3,5) respectively. It is worth 
mentioning that £'( 1 ) 2,2 is an Enriques surface and £(l)p,q, with {p,q) = 1, 
are Dolgachev surfaces. 

For the rest of case (1), i.e. 6 “ = 0,1, • • • , 8 , if the surface is not CP^ nor 

X it has to be a surface of general type. It is known that the number 
of irreducible components for these surfaces is finite. This is a corollary of 
the following theorem of Gieseker [23| . 

Theorem 2.3. For every pair of integers x, y, the moduli space Xtx,y of 
canonical surfaces with numerical invariants = x and Xh = U is a (pos¬ 
sibly empty) quasiprojective scheme and then it has a finite number of com¬ 
ponents. 

Notice in the cases that we are interested, Pg = q = 0 and b~ = 0, • • • , 8 , 
there are only finitely many choices of x = 1, • • • ,9 and y = 1. Thus, there 
are only finitely many such surfaces up to diffeomorphism. In particular, the 
number of possible fundamental groups is finite. 
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For detailed discussion on these surfaces, especially regarding the possible 
(algebraic) fundamental groups, see the beautiful survey paper |13| . One of 
the outstanding problems asks for the greatest positive number a(= 9 — b~) 
such that cf < a implies the fundamental group to be finite, and the smallest 
positive number b such that cf > b implies the fundamental group to be 
infinite. Currently, we know b >7 and a < 3. 

There is a remarkable corollary of Yau’s solution of Calabi conjecture |47| . 

Theorem 2.4. Let S be an algebraic surface of general type. Then = 
9xh{S) if and only if the universal covering of S is the complex ball. 

Especially, when pg = 0, = 9 |7ri| = oo. Recently, Prasad and Ye¬ 

ung (and Cartwright-Steger) give a complete classification of these so called 
fake projective planes. It is known that there are exactly 100 up to biholo- 
morphism (SHE]. 

2.3. Symplectic 4-manifolds. Let us now take a look at the possible list 
of symplectic 4-manifolds with 6'*“ = 1. We discuss it using the notion of 
symplectic Kodaira dimension. 

For = —oo, as we mentioned, there are nothing more than rational and 
ruled surfaces. 

For = 0, although there are no classification at this moment, in addition 
to hyperelliptic surfaces, we know that there are certain (non-complex) 
bundles over with bi = 2. All of them are symplectic |22) . They could 
have different fundamental groups from hyperelliptic surfaces since NW^, 
Nil^ X E^, Sol^ X and E^ are all the possible geometric types and on the 
other hand all hyperelliptic surfaces have geometric type E^. 

Let us digress on the definition of a geometry structure (in the sense of 
Thurston). A model geometry is a simply connected smooth manifold X 
together with a transitive action of a Lie group G on Y with compact sta¬ 
bilizers. A model geometry is called maximal if G is maximal among groups 
acting smoothly and transitively on X with compact stabilizers. Sometimes 
this condition is included in the definition of a model geometry. A geometric 
structure on a manifold M is a diffeomorphism from M to X/T for some 
model geometry X, where F is a discrete subgroup of G acting freely on X. 
If a given manifold admits a geometric structure, then it admits one whose 
model is maximal. In other word, different geometries are distinguished by 
their fundamental groups. 

It is remarkable that T.-J. Li [32| proved that all symplectic manifolds 
with = 0, SCY surfaces, have the same rational homology types as K3 
surfaces, Enrique surfaces or bundles over T^. Moreover, the paper of S. 
Friedl and S. Vidussi discussed the restrictions on the fundamental groups 
of SCY 4-manifolds pO] . 

For = 1 or 2, the topology of symplectic 4-manifolds is far more com¬ 
plicated than algebraic surfaces. As shown by Gompf, any finitely presented 
group could be realized as fundamental groups for symplectic 4-manifolds of 

= 1, resp. = 2. When we restrict on ft"*" = 1, it is interesting to know 
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Question 2.5. Is any finitely presented group G with G/[G,G] finite abelian 
group, the fundamental group of a symplectic A-manifold with b~^ = 1? 

We answer this question at homology level in Corollarv ll.2l Our manifolds 
are symplectically minimal and all have = 1. An infinite family of minimal 
symplectic 4-manifolds with 6"*“ = 1, = 2, 6“ = 1 and = 1 were 

constructed in jT]. 

For symplectic 4-manifolds with k® = 2, there are possibly two cases: 
bi = 2, b~ = 0 or 6i = 0, b~ = 0,1, • • • , 8. The first case is not expected 
to occur in the symplectic category since there are currently no examples 
beyond the BMY line, i.e. cf > 3c2- Hence, we focus on the second case. 
In this paper, we construct several examples through Luttinger surgery or 
rational blowdown with fixed cf (= 9 — b~). This would demonstrate the 
difference between symplectic and algebraic categories. 

Let us discuss an example to savor the difference between symplectic 4- 
manifolds and algebraic surfaces on fundamental groups. 

In his paper |36| on Zariski’s conjecture, Nori shows that for any embedded 
algebraic curve G with > 0 in an algebraic surface S, the induced group 
homomorphism vri(C') —)■ 771(5) is surjective (Corollary 2.4 B). However, 
such result does not hold in symplectic category. 

Let us first recall the definition of the rank of a finitely presented group. 
This should not be confused with the rank of a vector space. 

Definition 2.6. The rank of a finitely generated group G, rank{G), is de¬ 
fined as the smallest cardinality of a set 0 such that there exists an onto 
homomorphism F{Q) —>■ G, where F{Q) is the free group with free basis 0. 

It is clear from the definition that if iL is a quotient group of G then 
rank{H) < rank{G). In addition, according to classic Grushko theorem, 
rank behaves additively with respect to taking free product, i.e. for any 
groups A and B we have rank{A * B) = rank(A) rank{B). Especially, 
rank{*-^^fiLpf) = '^i^irankfZpfi = k. Here *jLiZp. is the free product of 
cyclic groups Zp.. 

Proposition 2.7. For any finitely presented group G, we have a minimal 
symplectic 4-manifold X with = 1, vri(X) = G and b'^ > 1. Moreover, 
when rank{G) > 4, there is an embedded symplectic surface G in X such 
that the induced group homomorphism vri(C) —>■ vri(X) is not surjective. 

Proof. The first statement follows from Theorem 6.2 (B) in |24j . In this 
theorem, the geography of symplectic 4-manifolds with given fundamental 
group is discussed. 

By Taubes’ theorem [43], there is an embedded symplectic surface G in 
the canonical class K. By adjunction formula, it has genus two. Since 
rank{7ri{T,2)) < 4 (it is actually true that rank{Tri{T, 2 )) = 4), rank{G) has 
to be no greater than 4 if the homomorphism vri(C') —>• vri(A) is surjective. 
This contradicts our assumption. □ 
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It would be interesting to know whether this is still true when X is an 
algebraic surface. However, if Conjecture A in |36| is true, then vri(A) would 
be a quotient group of 7ri(Sg) where g = + 1. Hence the fundamental 

group of the symplectic surface in the above construction would surject to 
vri(A). 

2.4. Topological fundamental groups and algebraic fundamental groups. 

By Lefschetz’s hyperplane theorem and Bertini theorem, the fundamental 
group of a non-singular projective variety of dimension > 3 equals the fun¬ 
damental group of a non-singular hyperplane section. Therefore the set of 
the fundamental groups of projective varieties is the same as that of algebraic 
surfaces. 

The are many restrictions on the fundamental groups of an algebraic sur¬ 
face. For example, hi{G) of any such group G should be an even number. 
However, there is a classical result proved by Serre m- 

Theorem 2.8. Any finite group is the fundamental group of some algebraic 
surface. 

2.4.1. Algebraic fundamental groups. When we talk about projective vari¬ 
eties, the algebraic fundamental group is a more suitable notion to work 
with. 

The topological fundamental group could be understood as the group of 
deck transformation of the universal covering space. However, universal 
covering space is not very practical to deal with in the algebraic category. 

On the other hand, finite etale morphisms are the appropriate generaliza¬ 
tion of the covering spaces in the algebraic category. The notion of etale 
fundamental group is introduced by Grothendieck in |25) as a manageable 
generalization of topological ones. We refer the readers to |25| for a complete 
definition. However, we would like to point out the following fact: When the 
base field K is the complex field C (or more generally a separably closed 
field of characteristic 0), we know the algebraic fundamental group as 
etale fundamental group is typically called in this case, is the profinite com¬ 
pletion (i.e. the projective limit of all finite quotients) of the topological 
fundamental group. 

2.4.2. Algebraic fundamental groups for surfaces with pg = 0. When S is 
a surface of general type with = 0, the irregularity q has to be 0 and 

= 1 - 

The algebraic fundamental group behaves as two extremes for surfaces 
of general type with pg = 0. When cf = 9, Theorem 12.41 asserts that the 
fundamental groups should be always infinite, since all such manifolds are 
ball quotients. 

On the other hand, when = 1 or 2, there is the following remarkable 
result of M. Reid [40]. 

Theorem 2.9. 1) cl = 1 for 1 < m < 5. 
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SJ cf=2^ Ivrf^l < 9. 

The statements are sharp in both cases. For the case cf = 1, all could be 
realized. For cf = 2, out of all finite groups with order no greater than 9, 
only the groups Z 4 and Z 2 x Z 3 are not known how to be realized as 7 r“^^. It 
is conjectured that topological fundamental group should also satisfy both 
bounds m)- In addition to the cases mentioned, Z 3 for both, and Zg for 
cf = 2 are not yet confirmed to be topological fundamental groups. 

The proof of the results applies the Noether-Horikawa inequality for alge¬ 
braic surfaces. When a surface has q = 0, the Noether-Horikawa inequality 
reads as > 2xh ~ 6 . In addition, for a symplectic 4-manifold X, we could 
define Xhi^) = However, even for a simply-connected symplectic 

4-manifold of general type, the inequality does not hold. This gives us space 
for larger fundamental groups. 

2.5. Invariants for finitely presented groups. It is known that any 
finitely presented group is the fundamental group of some minimal sym¬ 
plectic 4-manifold by Gompf m- We could choose these manifolds such 
that they have cf = 0 or cf > 0 . 

It is then very natural to ask the “minimal size" of such manifolds with a 
given fundamental group G. Since the hrst Betti number is determined by 
the group G as the rank 61 (G), natural quantities to describe the size are 6 '’' 
and 62 . 

Question 2.10. Fix a finitely presented group G, what is the minimal b'^{X) 
(or 62 (X )) such that X is a symplectic A-manifold with vri(X) = G? 

Since the fundamental group G is fixed, asking for minimal b'^{X) is 

equivalent to asking minimal Xh{X) since Xh{X) = ^ Mean¬ 

while, asking for minimal b 2 {X) is equivalent to asking minimal e{X) = 
b2{X)-2bi{X) + 2. 

Let us denote this number by 6 ^(G) (resp. b‘^{G)). Similar question could 
be asked under the assumptions cf (X) = 0 and X is minimal, in which we call 
the corresponding numbers 6 jj’ (G) and 6 g(G). Especially, these would provide 
us invariants for finitely presented groups. By definition, 6 g(G) > 6 ^(G) and 
6 +(G)> 6 +(G). 

By the classification of symplectic 4-manifolds depending on symplectic 
Kodaira dimension (see Section 1 ^. except for the case when G is a surface 
group, any minimal symplectic X with 'nfiX) = G would have cf(X) > 0. 
In other word, we have 2e(X) -|- 3a{X) > 0. Then 2(2 — 26i(G) + b'^ + b~) + 
3(6+ — 6 “) > 0. In other words, 6 +(G) > (G) ^ 4bi(G)-4 ^ 

gives a lower bound of 6 +(G). In general, this is not sharp. 

Gompf’s original construction gives us an upper bound. In his examples, 
e{X) = 12r and o'{X) = —8r where r(G) >k + l + lisa number explicitly 
determined from a presentation G =< < 71 , • • • ,gk\ri,--- ,ri >. It is remark¬ 
able that m realizes r(G) = k + I + 1. Then 6 +(X) = 2r(G) -|- 61 (G) — 1 = 
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2{k + 1) + bi{G) + 1. Which is an upper bound of our number (It 

also provides an upper bound of which is 12r(G) + 2bi{G) — 2.) If 

G is not trivial, 2r{G) + bi{G) — 1 > 3. On the other hand, Corollary 6.10 
and Proposition 6.4 of |24| realizes a free product of n cyclic groups by a 
symplectic manifold with = 0 and C 2 = 48 + 12m whenever n < 2m + 6 
(m > 0). Thus b~^{X) = hi{G) + 1 + (2m + 6 ), and the last term can be 
taken to be n rounded up to the nearest even integer (slightly modified when 
n < 4). To summarize, for free groups F„, construction in [24| gives 


( 2n + l 

for all even n 7 ^ 4, 

6 +(F„) < <^ 2n + 2 

for all odd re. 

1 11 

for re = 4. 

( 8 n-hl 0 

for all even re 7 ^ 4, 

b 2 {^n) < 1 8n + 16 

for all odd re. 

( 54 

for re = 4. 


In the case when G is a surface group, b'^{G) = 1 and b‘^{G) = 2 if G is 
nontrivial and b‘^{G) = 1 if G is trivial. They are realized by ruled surfaces. 

Moreover, our Question [23] is equivalent to: if a group G has a finite group 
as its abelization, is b'^{G) = 1? Our Theorem 11.11 suggests the following 
more general bound. 

Question 2.11. Is it true that 

b+{G) <6i(G) + l? 

Moreover, for which group G, b'^{G) < bi{G) + 1? 

Later in the paper, we verify this first part of the question when G is 
a free product or an abelian group of types Zp x Zg or 

Zp X Z. In particular, these are much better bounds than those of |24) 
which we summarized above. We notice that for any minimal symplectic 
4-manifold X with 0 < c^(X) < 3c2{X) (i.e. —2e{X) < 3a{X) < e{X)) and 
T^i{X) = G, we have b'^{X) > bi{X) + 1. 

The second part of Question 12. Ill is essentially asking for the fundamental 
groups of manifolds with Xh ^ 0. Minimal algebraic surfaces with < 0 
is either ruled surfaces or surface bundles over torus or torus bundles over 
surface. Luttinger surgery on these manifolds may produce new symplec¬ 
tic manifolds. It is interesting to know the fundamental groups of those 
manifolds. Especially, manifolds obtained from applying several Luttinger 
surgeries on torus bundles over torus have special interests in the classifica¬ 
tion of symplectic 4-manifolds with = 0 (c.f. [271). 

There is another problem regarding the geography of manifolds with given 
fundamental group. 

Question 2.12. For any positive integer a, is there a symplectic A-manifold 
X such that vri(X) = G and b'^{X) = 6^(G) -|- 2o? 
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Our construction in the following section shows that we could find sym- 
plectic 4-manifold X such that h'^[X) = 61(G) — 1 -|- 2o for any positive 
integer a. 

We could similarly define the numbers b‘^ig{G) and b'^ig{G) for algebraic 
surfaces. If G cannot be realized as fundamental group of algebraic surface, 
e.g. G = Z or we define both numbers to be 00. Serre’s theorem 

demonstrates that when G is finite, both numbers are finite. 

3. Luttinger surgery and Arbitrary fundamental groups 

Luttinger surgery is introduced in |34) . It has been very effective tool 
recently for constructing exotic smooth structures on 4-manifolds. In this 
section, we would construct symplectic 4-manifolds with arbitrary funda¬ 
mental groups using Luttinger surgery. 

3.1. Luttinger surgery. Let us briefly review Luttinger surgery. For the 
details, we refer the reader to |34) and m- 

Definition 3.1. Let {X,uj) he a symplectic A-manifold, and the torus K he a 
Lagrangian submanifold of X (so it has self-intersection 0). Given a simple 
co-oriented loop A on A, let X be a simple loop on d{vA) that is parallel 
to A under the Lagrangian framing. For any integer m, the (A, A, 1/m) 
Luttinger surgery on X will be X\^x{l/m) = (X — u(A)) U<^ (S^ x x D^), 
the 1/m surgery on A with respect to A under the Lagrangian framing. Here 
4> : X xdD"^ — d{X — v{A)) denotes a gluing map satisfying (j){[dD‘^]) = 

m[A'] -f [fj,\] in Hi{d{X — u(A)), where /xa is a meridian of A. 

It is shown in m that X\^x{l/m) possesses a symplectic form that re¬ 
stricts to the original symplectic form a; on A \ uA. The following lemma is 
easy to verify and the proof is left as an exercise to the readers. 


Lemma 3.2. 

7ri(AA,A(l/m)) = 7ri(A - A)/A(/xaA'-). 

a{X) = cr(AA,A(l/m)) and e{X) = e(AA,A(l/m)). 

A direct corollary of this lemma is summarized below, which is essentially 
Proposition 4.4 of m- 

Lemma 3.3. The difference 6i(Aa,a(1/?lx)) ~ 61 (A) is one of —1,0,1- And 

6+(AA,A(l/m))-6+(A) = 6i(AA,A(l/m))-6i(A) = i( 62 (AA,A(l/m))- 62 (A)). 
The following result is also due to C.-I. Ho and T.J. Li |27) . 


Theorem 3.4. The symplectic Kodaira dimension is unchanged under 
Luttinger surgery. 
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3.2. Complexity of fundamental group for small manifolds. Gompf 
m shows that any finitely presented group is the fundamental group of 
some minimal symplectic 4-manifold. We can choose these manifolds so that 
cf = 0. His technique for construction is the symplectic sum, which is often 
called the fiber sum. 

Symplectic sum: Let (Xi, oji) and (X 2 , 0 J 2 ) be closed symplectic 4- 
dimensional manifolds. Each of them contains an embedded surface Fj C Xj 
with normal bundle Assume that the Euler class of Vi satisfy e(z^i) -|- 
^(^' 2 ) = 0. Then for any choice of an orientation reversing = 1 ^ 2 , the 

symplectic sum of Xi and X 2 along Y is the manifold {Xi \ vi) {X 2 \ 1 ^ 2 ) 
and is denoted by Z = Xifi^^X 2 . The symplectic sum operation provides a 
natural isotopy class of symplectic structures on Z. We have 

(e,a)(Xi#^X 2 ) = (e,a)(Xi) + {e,a){X 2 ) + {Ag - 4,0) 

It is then very natural to ask the “minimal size" of such manifolds with a 
given fundamental group G. Since the first Betti number 61 (G) is determined 
by the group G as the rank of (G/[G, G]), a natural quantity to describe 
the size is 6 ^. In this sense, as discussed in Section [2.51 Gompf’s manifolds 
all have large size. 

In this section, we prove Theorem 11.11 which provides manifolds with small 
size and could be viewed as a stratification of Gompf’s result according to 
6 +. 

We start with the following result, which verifies Question 12.111 when G is 
a free product of cyclic groups. 

Theorem 3.5. For any finitely generated group G of the form (*^i^)*(*^=i^pi), 
we have a minimal symplectic A-manifold X{G) with b'^{X{G)) = 61 (G) + 1, 
7 ri(X(G)) = G and cf(X(G)) = 0. Especially, any finitely generated abelian 
group could be realized as first homology of such symplectic A-manifolds. 

We notice that except for the cyclic group Zj, all the other groups are not 
the fundamental group of Kahler surfaces. 

Proof. Our main technique will be Luttinger surgery. Let us fix integers 
Pi >0 and Qi > 0 , where 1 < i < g. Let 

■■■ , '^/Pg, l/9a) 

denote symplectic 4-manifold obtained by performing the following 2g Lut¬ 
tinger surgeries on x T^: 


(a'l X c',ai,-l/pi), (6^ x c", 61,- 1 /gi), 

(4 X c', a'2, -I/P2), (62 X c", b'2, -1/^2), 

* * * ? * * * ? * * * ? ‘ ‘ ‘ 1 * * * ? * * * ? 

{a'g X c ,a'g,-l/pg), {h'g X c' ,h'g,-llqg). 
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Here, a*, 5* (i = 1, • • ■ ,g) and c, d denote the standard generators of 7ri(Sg) 
and 7ri(T^), respectively. Since all the surgeries above are Luttinger surg¬ 
eries, 1/gi, • • • , 1/pg, l/o'g) is a minimal symplectic 4-manifold with 

= 1. The fundamental group of Yg{l/pi, 1/qi, - ■ ■ , 1/pg, ^/Qq) is gener¬ 
ated hy ai,bi (i = 1, • • • ,g) and c, d, with the following relations: 

(1) = af > [b2^,d~^] = af, [a2^,d] = bf, 

* * * ? * * * ? 

[bg^,d~^] = , [a“\ d] = b]^ , 

[ai,c] = l, [6i,c] = l, [a2,c] = l, [62,c] = l, 

• • • , [ag,c] = 1, [bg,c] = 1, 

[ai,6i][a2,62] • • • [ag,bg\ = 1, [c,d] = 1. 

Let T C Yg(l/pi, 1/qi, - ■ ■ , l/pg, l/o'g) denote a genus one symplectic sur¬ 
face that descends from the surface pt x in T,g x T2. 

Next, we form the symplectic sum of Yg{l/pi, 1/qi, • • • , 1/Pg, l/o'g) along 
the torus T with an elliptic surface £'(1). 

,Pg,Qg) = Ygi'^/PlA/qi, ' ' ' ,'^/PgA/qg)#id{E{l)) 

Choose a base point x of 7ri(Yg(l/pi, 1/g'i, • • • , 1/Pg, 1/dg) on d{vT) such 
that 7ri(Fg(l/pi, l/gi, • • • , 1/pg, l/qg)\ vT, x) is normally generated by Oj, hi 
{i = 1, • • • ,g) and c, d. Since the symplectic torus pt x is disjoint from 
the neighborhoods of 2g Lagrangian tori listed above, all the relations in ([T]) 
continue to hold in 7ri(l^(l/pi, 1/gi, • • • , 1/pg, l/qg)\i^T) except the relation 
[oi, 6i][a2,62] • • • [o-g, bg] = 1. The surface relation [ai, 5i][a2, ^>2] • • • [ogj bg] is 
no longer trivial. In 7ri(Yg(l/pi, 1/qi, • • • , 1/Pg, 1/dg) \ it represents a 
meridian of T. 

Since 7ri(Ll(l) \ (u(T)) = 1, after the fiber sum we have c = d = 1 
in the fundamental group of Xg{pi,qi, - ■ ■ ,pg,qg). As a consequence of 
this, we obtain the following presentation for the fundamental group of 
Xg{pi,qi,--- ,Pg,(lg)- 


af = 1, 

bf = 1, 


= 1 , 

bf = 1 , 

= 1. 
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Figure 1. Bridge move on S3 for the relation bib 2 b^h 2 hi 

By setting pi = qi = ■ ■ ■ = pg = qg = l,we obtain a symplectic 4-manifold 
Xg{l, 1, • • • , 1,1) with trivial fundamental group. The symplectic 4-manifold 
Xg{l, 0, • • • 1, 0) has the fundamental group Fg, a free group of rank g. In gen¬ 
eral, the symplectic 4-manifold Xg^ki^, Oj''' 1) 0) IjPIj ''' ) ^^Pk) has the fun¬ 
damental group The manifold ^(1,0, • • • 1, 0, l,pi, • • • , 1, 

has Euler number e = 12 and signature a = —8. Since the first Betti number 
bi = g, we have b'^ = g + 1 and b~ = g + 9. □ 

Now, we are ready to prove Theorem 11.11 For the convenience of readers, 
let us rephrase it in the below. 

Theorem 3.6. For any finitely presented group G which is dual finite tor¬ 
sion, there is a finitely presented group G' with surjective group homomor¬ 
phism G' G, such that there is a minimal sympleetic A-manifolds X{G) 
with 6+(X(G)) = 61(G) + 1, '7ri(X(G)) = G' and cf(X(G)) = 0. Moreover, 

61(G) = 61 (G'). 

Proof. Now, let G = (xi, ■ ■ ■ , Xk \ h, ■■■ , Im) be any finitely presented 
group whose Abelianization is denoted by AG. To construct manifolds with 
fundamental group G, we use similar strategy as for Proposition 13.51 

A new ingredient is the bridge move operation, as illustrated in Figure 
dJ It is used to resolve the self-intersection points of an immersed loop on 
surface E. Namely, for each self-intersection point x with two segments I 
and m intersecting locally, we increase the genus of E by adding a “bridge” 
with I going across the bridge and m going under the bridge. This operation 
of resolving self-intersection points is introduced in [9] (see also [30]). 

With this operation in mind, we prove Theorem 13.61 For each word li 
with i = 1, • • • ,m, let 7j be a smooth immersed oriented circle on T = E^ 
representing the word li with generators Xj replaced by bj. Possibly after 
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perturbation, we could choose the loops 7 * such that only two segments 
intersect locally at each self-intersection point. 

Now, for each self intersection of 7 *, we resolve it by adding a bridge over 
it which increase the genus of F by one (see Figured]). We will denote the 
modified curves by 7 '. After finitely many such “cross bridge” moves, F is 
changed to a surface F' of genus k' > k with 7 ' all embedded curves. We 
want each 7 ' passes through odd number of bridges. If not, we add one more 
bridge along any (smooth) point of the curve 7 ^. Notice that each bridge 
would have only one 7 I passing through. For each increased genus, we also 
have a pair of new generators ag and bg. We order these bridges as the 
following. Let 7 ' pass through the handle ag x bg and 7 '- pass through the 
handle Ugi xbg'. If f > j, then g > g' . Furthermore, we assume that the first 
bridge 7 ' passes through is ag^ x bg^. 

We perform Luttinger surgeries 

{a'gXc',a'g,-l), {h'gX c!',b'g,{-lf‘^^">~'^), k + l<g<k'. 

Here c{g) = mini<i<m{5 - 9i + 1|5 - 9i> 0}. 

As for free groups, we again take the same 2k Lagrangian tori in x 
corresponding to ag and bg with 1 < 9 < k, and choose pi = ■ ■ ■ = pk = 1 , 
qi = ■ ■ ■ = Qk = 0. 

In addition to applying these 2k' Luttinger surgeries to these standard 
tori, we apply m more surgeries: 


{I'l X c'",7(,-l),--- ,(7(^ X c"',7(„,-l). 

Let us denote the manifold after the 2k' -|- m surgeries by Y[G). Then we 
apply symplectic sum of Y[G) along the torus T descending from pt x 
with E{1), and denote the resulting symplectic manifold by X{G). 

The “dual tori” ag x d for g > k is now twice punctured (corresponding to 
surgeries {b'g x c", b'g, (—and (y^, x c'", 7 ^ , — 1 )), and would produce 

relation [a~'^,d] = I'j^bg in the fundamental group of Y(G). Here 7 ^ 
denotes the 7 ' passing through the bridge ag x bg. 

After fiber summing, c = d = 1. These relations would become 

( 2 ) = l,g > k. 


Let us fix kg = i in the following. After abelianization, j'- could be written 
as jibg. ■ ■ ■ bg._i_^-i. Since each 7 I passes through odd number of bridges, 
gi^i — gi is an odd number. Now, the relations ([2|) for kg = i read as 


(3) bg^ = 7u bg^+i = 7 ; 


/-I 
i ’ 


bgi+i-l — 1; 




= 7u 


Hence we have 


(4) = 7 '. 

Recall the relation 7 ( 6 ^/ = 1 becomes 'Jibg^ ■ ■ ■ bg^^J^-l ■ 6 “^ = 1 after abelian- 
ization. After replacing Q into this new expression, we have 7 i 7 ifeg/ = 1- 
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Since = 1 by m, we finally have relations 7* = 1 in the abelianiza- 

tion of tti{X(G)). By ([3]), for each relator li in the presentation of G, we 
introduce only one more free generator 6^. = 7I. 

The other relations in 7ri(y(G)) are almost the ones in ([T]) (with g = 
k). The only differences are the commutators [a^^,d] would be equal to 
■ ■ ■ )7m) since qi are set to be zero, where - ■ ■ ,7^) is a mono¬ 

mial of the words 7i, • • • , 7^ • There relations are determined as follow¬ 
ing. We write the relators li, after abelianization, as Then 

Piili, ■ ■ ■ >7m) = 7i™*^ • • • 7^™- Hence if the matrix imij)i<i<k,i<j<m has 
rank m, we have 7(, • • • , 7^ are all of finite order. 

To summarize, we have 61, • ■ ■ , and 7^, • • ■ , 7^ as the generators in the 
abelianization of Tri{X{G)). In addition to the commutator relations, we 
have 7i = ••• = 7^ = 1- All 7^ are words of ,6fc. Moreover, we 

also have 7(, • • • , 7^,^ are of finite order. In other words, we have constructed 
symplectic 4-manifold X{G) with the first homology Hi{X{G),Q) = AG^Q, 
where AG is the abelianization of G. Since Luttinger surgery would preserve 
minimality, Y{G) is minimal. From Usher’s theorem |46| . X{G) is minimal. 

Let us denote G' = 7ri(A(G)). As discussed above, are gen¬ 

erators of this group. The surjective group homomorphism G' —» G is the 
natural one: sending fei, • • • , 6^ to xi, • • • , x^ and 5fc_|_i, • • • , 6^/ to 1 (remem¬ 
ber the relations in ([3])). 

Finally, let us calculate their topological quantities. Since the Luttinger 
surgeries keep the Euler number and signature, e(y(G)) = a{Y{G)) = 0. 
After fiber summing, e(A(G)) = 12 and a{X{G)) = —8, thus cf = 2e + 3a = 
0. Finally, since 6i(A(G)) = 61(G), we have 6'’'(A(G)) = 61(G) -|- 1 and 
6“(A(G)) = 61(G) -I- 9. This completes the proof of Theorem 13.61 □ 

When varying G with the same Q-abelianization AG 0 Q, we would have 
infinitely many non-Kahler symplectic 4-manifolds whose first Q-homology 
groups are AG 0 Q. 

If we fiber sum X{G) along the torus T descending from pt x with 
E{n) along with torus fiber, we would obtain symplectic 4-manifolds with 
= AG 0 Q and Xh = n, i.e. 6+ = 61 -|- 2n — 1. 

Remark 3.7. If G = (xi, ••• , x^, x^+i,-- - , Xk+m Mi, ••• , Im), where 
li are words of xi, ••• , Xk only, then we have symplectic A-manifold X{G) 
with 6+(A(G)) = 61(G) + 1, 7ri(A(G)) = G and M(A(G)) = 0. 

To achieve this, we modify the construction for Theorem 17.61 hy starting 
with a genus k surface with generators ai,6i,-- - ,ak,bk and set the coeffi¬ 
cients of Luttinger surgeries for {h'g. x d', h'g.) to he 0. 

This following remark is essentially due to Jun Yu. 

Remark 3.8. As was mentioned before, the fundamental groups of an ellip¬ 
tic surface with b'^ = Xh = I o-fe groups ,Pfc = {xi,X 2 ,--- ,Xfc|x^^ = 

Xg^ = ••• = = X1X2 • • • Xfc = 1}. Note that the possible quotients 

of all Ep^^p2,... ,pj, and that of free product of cyclic groups are the same. 
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Clearly, there is a surjection —>■ ,Pfe• On the other hand, 

Epi,p 2 ,--- ,Pk,Pk,--- ,pi surjects to This can he seen by adding the rela¬ 
tions X 2 k-i = , and then X 1 X 2 • ■ ■ X 2 k = 1 holds automatically. 

However, there are many Q-perfect groups which are not the quotient of 
any equivalently of In fact, there are even torsion 

free (i.e. no finite order elements) Q-perfect finitely presented groups. The 
congruence subgroups Kn,m o,xe the group of n x n integral matrices which 
are congruent to identity modulo m. These groups are finitely presented and 
with finite (but non-trivial) abelianization. When m = p^ » 1, they are 
torsion free. For example, i^3,4 is torsion free. Moreover, a finitely presented 
torsion-free simple (thus perfect) group is constructed in [39) . 

It is also worth mentioning that many interesting groups (e.g. all finite 
groups, free products of cyclic groups and Thompson groups T and V) are 
quotients of certain E'pj^pj,... ,pj,. 

3.3. Construction of symplectic 4-nianifolds with cl > 1 and H'^ = 

AG 0 Q. Our construction strategy for Proposition 13.51 and Theorem 13.61 
could be applied to construct symplectic 4-manifolds with cf > 1 as well. In 
this section, we sketch the construction for this case. 

To produce such examples, we can proceed as follows. Let us fix integers 
n > 2, Pi > 0 and Qi >0 , where 1 < i < n. Let Yn{l/pi, l/qi, - ■ ■ , 1/pn, l/<?n) 
denote symplectic 4-manifold obtained by performing 2n -|- 4 Luttinger surg¬ 
eries on Tin X T 2 ([lais]). These 2n -|- 4 surgeries consist of the following 8 
surgeries 


^ c'l, a'l, —1), (f>i X c'(, b'l, —1), 

( 0-2 ^ C 2 , 02) “I); (^2 ^ C 2 , ^2) 

(®2 ^ -|-l/pi), {a'l) X d'i,d'i,-Il/qi), 

{a'l X c'2,c' 2,-\-1/P2), {a'( x ^ 2 ; <^ 2 )+ 1 /^ 2 )) 

together with the following 2(n — 2) additional Luttinger surgeries 
{b'l X C3, C3, —I/P3), {b '2 X ^3, ^3, — 1 /53), 

* * * 5 

{b'l X c'n,c'n, -l/Pn), {b '2 X -l/Qn)- 

Here, ai,bi {i = 1,2) and Cj,dj {j = I,-- - ,n) denote the standard loops 
that generate 7ri(S2) and 7ri(S„), respectively. See Figure [2] for a typical 
Lagrangian tori along which the surgeries are performed. The Figure [21 
which we borrowed from |6] (with a minor modification), illustrates a typical 
Lagrangian tori along which our Luttinger surgeries performed. 

The Euler characteristic of Yn{l/pi, 1/qi, - ■ ■ , 1/pn, l/<?n) is 4n —4 and its 
signature is 0. The fundamental group 7ri(y„(l/pi, 1/gi, • • • ,l/pn,l/qn)) 
is generated by ai,bi,Cj,dj {i = 1,2 and j = 1, • • • ,n) and the following 
relations hold in 7ri(y„(l/pi, 1/gi, • • • , l/pn, I/qn))- 
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Figure 2 . Lagrangian tori a[ x c^- and a” x d'j 


( 5 ) = ai, [a/,di]= 6 i, [b2^ ,d2^] = a2, [a2^,d2]=b2, 

[di\K^]=4\ [q\ 62 ]=df, [d-1,6-1] = [c-\6i] = d®, 

[ai,ci] = l, [oi,C2] = l, [01,^2] = !, [ 6 i,ci] = l, 

[a2,ci] = l, [02,02] = !, [a2,di] = l, [62,02] = !, 

n 

[ai, 6 i][a 2 , 62 ] = !, Y\[cj,dj] = l, 

i=i 

[«^^C^]=4^ [a‘2\c3^] = df,---,[al\d-^]=c?r, K ^ ^n^] = 

[^1,C3] = !, [62,^3] = !,•••, [^i,Cn] = !, [62,d„] = !. 


The surfaces S 2 x {pt} and {pt} x in S 2 x descend to surfaces 
in y„(!/pi, 1/qi, • • • , !/pn, f/o'n)- They are still symplectic submanifolds in 
F„(!/pi, !/gi, ■ • • , 1/pn, !/i 7 n)- We will denote their images by S 2 and 
Note that [^ 2 ]^ = [S„]^ = 0 and [E 2 ] • [Sn] = !■ 

Another building block we would make use is Z"(l, !) of [5]. If we denote 
otj, i = !,•••, 4 to be the standard generators in 7 ri(T^), it is constructed 
from T'^^CP^ by performing the following two Luttinger surgeries: 

( 6 ) (a'a X a 3 ,a 3 ,-!), ( 0:2 x 04 , 0 : 4 ,-!). 

There is a genus two symplectic surface S2 in T^^CP^ with homology 
class [oi X 02 ] + 2 [o 3 X 04 ] — 2[FI]. The inclusion S 2 —>■ T^^CP^ maps the 
generators of 7 ri(I] 2 ) as: 

( 7 ) ai I-A Oi, 61 I-A 02, 0.2 eA o|, 62 eA O4. 

It is still a symplectic submanifold of !) with self-intersection zero. 
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We have the following theorem, which is Theorem 6 in j5]. 

Theorem 3.9. There exists a nonnegative integer s such that Tri(Z"(l, 1) \ 
US 2 ) *-5 ® quotient of the following finitely presented group 

(8) {c^ \ (y.21 03,04, , * * * , gs I [^1 ? ^4 ] ? ^4 [g^i ? ], 

[02,013] = [02,04] = !)• 

In 7 ri(Z"(l, 1) \ US 2 ), the images of gi, - ■ ■ ,gs are elements of the subgroup 
normally generated by the image of [03,04]. 

We form the symplectic sum oi Yn{l/pi,l/qi, ■ ■ ■ ,l/pn,I/qn) along the 
genus two surface with 1). 


Xn{pi,qi,--- ,Pn,qn) = Yn{l/pi,l/qi,--- , l/p„, l/gn)#irfZ"(l, 1) 

We claim the fundamental group of X„(l, 1,1,1,1,0 • • • , 1,0) is free group 
F „_2 with n — 2 generators. 

From Seifert-Van Kampen theorem, the fundamental group is a quotient 
of the following group: 

1,1,1, 1, 1/0, • • • , 1,1/0) \ US 2 ) 7ri(Z"(l, 1 ) \ US 2 ) 

(ai = oi, bi = 02 , a2 = a|, 62 = a4, ^(^ 2 ) = ^(^ 2 )-^) 

All the relations in ([5]) continue to hold in ([9]) except possibly for U]=i[cj,dj] 
1. This product may no longer be trivial and now represents a meridian of 
S 2 . 

In Q, we have oi = [bf^,df^] = [bf^, [cf^,b 2 ]~^] = [bf^, [ 62 , q^]]. Since 
[ 02 , 04 ] = 1 in dH]), we conclude that [ 61 , 62 ] = 1- Since we also have [ 61 , ci] = 

1 from ([5]), we easily deduce that oi = 1. From oi = 1 and first eight relations 
in m, we have a*, bi, Ci, di are all trivial when f = 1, 2. We could also kill 
all Ci for i = 3, • • • , n. Consequently, all the generators Oj would be all 
killed. Especially, 03 = [af^,al^] = [af^,b'f^] = 1. Finally, since [ 0 : 3 , 04 ] 
is trivial and hence the generators gi, - ■ ■ ,gs die as well. In conclusion, the 
fundamental group is a free group generated by ^ 3 , • • • ,dn- 

In general, we apply bridge moves as we did in the proof of Theorem 
ESI Let G = {xi, ••• , Xk \ h, ••• , Im) whose Q-abelianization equals 
AG ( 8 ) Q. We represent xi, - ■ ■ ,Xk by ^ 3 , • • • , dk+ 2 - For any relation li in a 
given presentation of G, we find a immersed loop 7 * generated by di with 
f = 3, • • • ,k + 2. After performing bridge moves, the self-intersection points 
of 7 i are resolve with the cost of increasing genus k + 2 to k'. Similarly, 
we order the bridges corresponding to the order of 7 -. In addition to the 
2{k + 2)+^ Luttinger surgeries in the beginning of l3.3l we perform Luttinger 
surgeries to generators Cg, dg of added bridges: 

{c'gXb[,c'g,-l), {d’gXb'^,d'g,i-l)<<^Yl)^ k Y 3 Y g Y k' , 

and to the embedded loops 7 b 
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('/l X 62) Tl) !))■■■) irim ^ ^2) Tm) ^)' 

We call this manifold Y~^{G). Similarly, we apply symplectic sum of 
Y'^(G) along the genus two surface S2 descending from S2 xpt with Z"{1, 1), 
and denote the resulting symplectic manifold by X~^{G). 

Exactly the same argument as in Theorem 13.61 the abelianization of 
'Ki{X{G) is AG (8) Q if the presentation G = (xi, ■■■ , Xk \ h, ••• , Im) 
is dual finite torsion. Moreover, by Usher’s theorem |46) . X~^(G) is minimal. 

Our manifold X^(G) has e(X'’'(G)) = Ak' + 1 and a{X~^{G)) = —1, thus 
c\ = Sk' — 1 and Xh = k'. However, the number k' is determined by the 
given presentation of G. It would be interesting to know smaller examples 
and cf > 0. 

The following remark was pointed out to us by the referee. 

Remark 3.10. Notice that each symplectic A-manifold constructed in the 
previous section contains a ni-trivial symplectic torus with self-intersection 
zero. This torus descends to our manifold from the surface pt x of F' x T^. 
Thus, one should be able to realize any cf > 0 for each corresponding group, 
with additional control on the geography, by Theorem 6.2 in m, combined 
with its subsequent Remark 2, and Usher’s Theorem on symplectic minimality 
in |46| . 

3.4. Small symplectic 4-manifolds with 1 < cf < 7. The construction 
in the previous section provides examples with cf > 0 but with large b'^. Our 
goal in this section is to provide examples with minimal b'^ for some abelian 
groups. Our examples with cf = 1,2 and h'^ = 1 are interesting to compare 
with Theorem 12.91 which implies that the algebraic fundamental group of 
minimal algebraic surfaces with cf = 1 (resp. cf = 2) and b'^ = 1 could only 
be cyclic groups of order at most five (resp. groups of order at most nine). 


3.4.1. Small symplectic A-manifolds with cf = 1. 

To construct our first example, we use the genus 2 symplectic surfaces of 
self-intersection 0 in (T^ x §^)#4CP^ and (T^ x S^)^3CP^. 

First, we consider x and take the union of three symplectic surfaces 
(T^ X {si}) U ({t} X §^) U (T^ X {52}) in it. Resolve the two double points 
symplectically, we have a genus two symplectic surface in x with self¬ 
intersection four. Blow up four times, we obtain a symplectic genus two 
surface S 2 of self-intersection zero in Xi = (T^ x S^)#4CP^. 

Next, we consider x EP with a standard product symplectic form, and 
let Ti = X pt, T 2 = 2(T^ x pt), and S = pt x §P he the symplectic 
configuration of curves show in Figure [3l 





FUNDAMENTAL GROUP 


21 



Symplectically resolve the intersection points pi, and p 2 , and symplecti- 
cally blow up to obtain a genus two symplectic surface of self-intersection 
two in (T^ X S^)#CP^. Next, we symplectically blow up this surface twice 
to obtain a genus 2 symplectic surface S 2 of self-intersection 0 in X 2 = 
T 2 X Let us denote the standard generators of 7 ri(S 2 ) under 

the inclusion by C 2 , ^ 2 , 02 , 62 - The inclusion induced homomorphism from 
7 ri(S' 2 ) into 7 ri(X 2 ) = {x,y\[x,y] = 1 ) as: 

C 2 eA X, ^2 y, 02 I-A- x~‘^, 62 y~^. 

Similarly, let us denote the standard generators of 711 (^ 2 ) in Xi by ai and 
61 , and Cl and di respectively. The inclusion induced homomorphism from 
7 ri(S 2 ) into 7 ri(X 2 ) = {x',y'\[x',y'] = 1 ) as: 

. ' r . ' . '—1 j , '—1 

oi !->■ X , 61 !->■ y , Cl !->■ X , ai i-A y 

The normal circles p and p' of S 2 and S 2 , in Xi \ E 2 and X 2 \ S 21 can be 
deformed using the exceptional spheres coming from the blow ups. Hence 
the fundamental group of the complements of S 2 in Xi and S 2 in X 2 are 
both isomorphic to generated by ai and 61 , and ci and di respectively. 

We take the symplectic fiber sum of Xi = x S^#4CP^ and X 2 = 
X S^#3CP^ along the surfaces S 2 and S 2 , via a diffeomorphism that 
extends the orientation preserving diffeomorphism from S 2 (with 02 , 62 ) C 2 , ^2 
generates ^^ 1 (^ 2 )) to S 2 (with ai, 6 i,ci,(ii generates ^^ 1 (^ 2 )) described by: 

ai i-A 02 ^* 2 , bi 1 -^ a2^~^b2, Ci e-)- C 2 “’'"^d 2 , di i-A d2~'^■ 

Here we assume gcd(p, 2q) = 1 and the pair (a, d) solves dp — 2aq = pq — 1. 
One can check that all the intersection pairings are preserved, hence there is 
an orientation preserving diffeomorphism from S 2 to S 2 . 
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By Seifert-Van Kampen theorem, the fundamental group of the resulting 
manifold X' can be seen to be generated by x, y, x' and y', which all commute 
with each other and satisfying xx' = l,yy^ = 1, with the relations 

X-2“y-lx2“+Py = 1, x^-^ady-d^2ad-2yd-q ^ 

The latter two relations are equivalent to = 1, y'^ = 1. Thus 7ri(V) is 
isomorphic to Z|p| x Z|q|. It is easy to check that e(X) = 11 and cr{X) = —7. 
Usher’s Theorem guarantees that X is minimal. Notice pq ^ 0, hence all the 
manifolds here have h'^ = 1. 

Hence, we have 

Theorem 3.11. For any p,q > 1 with gcd(p, 2y) = 1, there exists minimal 
symplectie A-manifold Xp^q such that 

^ '^q: {^p,q) ~ ^li^p,q) ~ 

Especially, all the cyclic groups could realized by letting p = 1. 

The following remark has been mostly communicated to us by the referee. 

Remark 3.12. The construction above also works with X 2 replaced by x 
where the genus two surface is obtained using the tori Ti = xpt, 
T 3 = 3(T^ xpt), and sphere S = ptx§f in xS^. ITe sympleetically blow up 
two interseetion points p^, p^ ofT^ and S, and sympleetically resolve the re¬ 
maining two intersection points Pi ofTi andS, andp 2 ofT 2 and S to obtain 
a genus two symplectie surfaee of self-intersection zero in x S^ 7 ^ 2 CP^. 
Using this symplectie building block in our construction above, we can obtain 
the minimal symplectie A-manifolds Xp^q with the fundamental group isomor¬ 
phic to Z|p| X Z|q| when gcd(y, 2y) = 1, and e{Xp^q) = 10 and a{Xp^q) = —6. 

By replaeing Xi by x S^ 7 ^ 2 CP^ and using the genus two surface of self- 
interseetion -\-2 obtained using two disjoint toriT‘^ xpt and sphere S = ptx8>‘^ 
in T 2 X we can similarly produce the minimal sympleetic A-manifolds Yp^q 
with the fundamental group isomorphie to Z|p| x Z|g| when gcd{p,2q) = 1, 
and eiYp^q) = 9 and criYp^q) = —5. In this case, our second building block is 
X 2 , and the symplectie genus two surface with self-intersection —2 obtained 
using the tori Ti = x pt, T 4 = 4(T^ x pt) and sphere S = pt x Ef in 
T 2 X S^. We sympleetically blow up three intersection points p^, p^ of T 3 
and S, and sympleetically resolve the remaining two intersection points pi 
and p 2 to obtain a genus two sympleetic surface of self-intersection zero in 
T2 X S2#2^. 

3.4.2. Small symplectie A-manifolds with 2 < cf < 5. 

Now we outline the construction of symplectie 4-manifolds with cf = 2, 3 
and &■*■ = 1,2. To construct such examples, we start with a square zero 
genus 2 symplectie surface in T‘^^2CP^. We equip x with a 

product symplectie form. Next we sympleetically resolve the intersection 
point of the configuration ({x} x T^) U (T^ x {y}) in to obtain a genus 2 
surface of self-intersection 2 in T^. Sympleetically blow up this surface twice 
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to obtain a genus 2 symplectic surface S 2 of self-intersection 0 in T^^2CP^. 
Since S 2 has a dual sphere resulting from a blow-up, any meridian of S 2 is 
nullhomotopic in T^7^2CP^\S2- Let a, b, c and d denote the standard loops 
that generate 7ri({a:} x T^) and 7ri(T^ x {y}) in 7ri(T^ x T^) . 

Choose a pair of non-negative integers p and q. Let Y{l/p,l/q) denote 
the symplectic 4-manifold gotten by performing the following two Luttinger 
surgeries on T‘^^2CP^: 

(10) (a'X c',a',—1/p), {b'X (/',h',—1/q). 

We take the symplectic hber sum oiY{l/p, 1/q) with the manifolds Yi = 

X S^7(t4CP^ (and with 12 = x S^#3CP^) along the surfaces S 2 and 
S 2 (and Y' 2 ), determined by a map that sends the circles a, b, c, d to ai, bi, 
b/)^ in the same order. By identifying the meridians [d, h~^] and [a“^, d] 
of tori a' x d and h' x d' on dual tori (see appendix in [3] for the details on 
this) and applying Seifert-Van Kampen’s theorem, the fundamental group 
of the resulting manifold Y' can be seen to be generated by a, b, c and d, 
which all commute with each other and the following relations hold: 

[d,b~^] = {dad~^)^, [a“^,d] = 6^, 
ac = 1, bd = 1, 

Thus 7ri(y') is isomorphic to Zp x We have e{Y') = 10 and cr{X') = 
—6. Hence cf = 2 and b'^ = 1. If we only perform one Luttinger surgery, 
then we acquire symplectic manifolds with &■*■ = 2, tti = Z x Zp and cf = 2, 
Xh = 1 - 

Replacing, Yi with I 2 in our construction above, yields symplectic man¬ 
ifolds with = 3, = 1 and the fundamental groups Zp x Zg and 

TTi = Z X Zp. 

Remark 3.13. Using the building blocks in SIS], one can similarly construct 
symplectic A-manifolds with fundamental groups 'LpX'Lq and 2 < cf < 5. The 
idea is to change the coefficients of the Luttinger surgeries to —1/p and —1/q 
as in (ffOl). We leave the details to the interested reader as an exercise (also 
see the articles (SI US] for such examples). 

To summarize, we have 

Theorem 3.14. For any integer 2 < h < 3, there exist minimal symplectic 
4-manifolds Xp^q and Xp with p,q > 1 such that 

(1) ■Ki{Xp^q) = Zp X Zq, 6+(Vp,g) = 1 and cj{Xp^q) = h; 

(2) 7ri(Vp) = Z X Zp, h'^{Xp) = 2 and cf(Xp) = h. 

4. Cyclic fundamental groups via rational blowdown 

In this section we present a new technique for constructing symplectic 
4-manifolds with cyclic fundamental groups. The following lemma will be 
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a key technical ingredient in our construction, which we call “the summing 
spheres”. 

Proposition 4.1. Let X be a symplectic A-manifold, T is a symplectic torus 
in X with self-intersection zero, and vri(X) = 1 . Assume that the spheres Si, 
S 2 , ... , Sp (p > 0) are symplectic submanifolds of X with self-intersections 
ni, n 2 , ■ ■ ■, Up (where Ui < 0), each Si has a single transversal intersection 
with T at distinct points, and all intersections are positive. Then, given 
the above data, there exists a symplectic A-manifold Y with cf(y) = c\{X), 
Xh{Y) = Xh{^); ^i(^) = such that Y contains a symplectic sphere of 
self-intersection ni + ■ ■ ■ + Up. 

Proof. The manifold Y will be constructed from X by applying Gompf’s 
symplectic sum operation along T. Consider x equipped with a prod¬ 
uct symplectic form, and let Tp denote connected braided symplectic torus 
representing the homology class p[T‘^ x {pt}] in T 2 X S^. We form the sym¬ 
plectic sum of X and x along the tori T and Tp, using a gluing map 
that sends the nullhomotopic circles ai and 02 of T to the circles bi = W, 
62 = c of Tp, in the same order. By Seifert-Van Kampen theorem, the fun¬ 
damental group of the resulting symplectic manifold Y can be seen to be 
generated by h and c. The following relations hold in 7 ri(y): c = 1 and 
IP = 1. Thus, vri(y) is isomorphic to Zp. The Euler characteristic can be 
computed as e{Y) = e{X) + e(T^ x S^) = e{X), and the Novikov additivity 
gives a{Y) = a{X) + x S^) = cr{X). When performing the symplectic 
sum, we have a freedom to identify p meridional circles a* of torus T on Si 
with p disjoint meridional circles of Tp on the sphere pt x (See Figure [3]). 
Thus, we obtain a closed sphere S with self-intersection ni-|-- • --l-np. Finally, 
using the Corollary 1.2 m, page 17), we conclude that S' is a symplectic 
submanifold of V. □ 

Remark 4.2. If we do symplectic sum the other way, e.g. if we sum up 
one p multiple of the fiber in an elliptic fibration with x along fiber, 
we get a manifold diffeomorphic to the original one. This operation is called 
smoothly trivial |46| . 

4.1. Elliptic fibrations as words in SL(2,Z). Let /: —)■ denote 

a genus 1 Lefschetz fibration. is bundle over except at finitely 
many critical values of /. The fibers over the critical values are called sin¬ 
gular fibers of /. Furthemore, Lefschetz fibrations are characterized by their 
global monodromy. This means a factorization of the identity element in the 
mapping class group Fi of the fiber as a product of right-handed Dehn 
twists. The mapping class group Fi = SL(2,Z) is generated by ta, tf,, and 
subject to the relations 

iaibia — and [tatb) — f 

where ta and tb are Dehn twists along the standard generators a and b of the 
first homology of a torus. 
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A \ (t2 X £>2) 


Figure 4. Summing Spheres 


The classification of the elliptic Lefschetz fibrations is due to Moishezon. 
He showed that after a possible perturbation an elliptic fibration over is 
equivalent to one given by the monodromy {tatb)^^ = 1 in Fi. The total 
space of such fibration is E{n), a simply connected elliptic surface with 
holomorphic Euler characteristic Xh = R- Furthemore, any elliptic Lefschetz 
fibration on E{n) admits a sphere section with self-intersection —n. 

4.2. Singular fibers and sections in elliptic fibrations. We briefly dis¬ 
cuss the certain singular fibers that occur in elliptic fibrations. We will also 
discuss the sections of such fibration. 

Type Ii : Such a singular fiber is an immersed 2-sphere with one positive 
double point and referred to as the fishtail fiber. The monodromy of the 
fishtail fiber is a conjugate of ta- 

Type Ik : Such a singular fiber is a plumbing of k smooth 2 spheres of self¬ 
intersection —2 along a circle and referred to as Ik singularity (or necklace 
fiber). The monodromy of Ik singularity is a conjugate of {k >2). 

Persson m provides a complete classification of the configurations of 
singular fibers on rational elliptic surfaces. We also refer to [26| and |29| for 
complete treatment on the topology of elliptic surfaces and their singular 
fibers. In what follows, we will use an elliptic Lefschetz fibration E{1) 
with a singular fiber E of type I 5 , seven singular fibers of type Ii. The 
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existence of such fibration is given on page 9 of [ 37 ]. Here we also provide a 
proof using a mapping class group argument. 

Lemma 4 . 3 . There exists an elliptic Lefschetz fibration E{ 1 ) —>■ with a 

singular fiber F of type and seven fishtails. 

Proof. Using the braid relation several times, it is easy to convert the word 
= 1 into the following word 


tatbtatbtltbtltl = 1 

Next, by conjugating, we obtain 

tatbitatbtf^fiUtaHbtafibif^^tatbfib = 1 
The last word translates into the singular fiber of type I5 and seven fishtail 
fibers. □ 

Moreover, in addition to the information of singular fibers, we would like 
to know how many disjoint sections such fibration admits. One can construct 
the fibration with sections explicitly by choosing the cubic polynomials po 
and Pi carefully in the standard picture of obtaining elliptic E{ 1 ). Next, we 
provide two constructions with different elliptic fibration structures. 

1 . We choose po as a multiplication of three degree one polynomials, whose 
zero set Cq corresponds to three lines li, I2, and l^ of general position in CP^. 
Let the three intersection points be P, Q, R. Choose pi such that (i) the zero 
set Cl corresponding to a smooth elliptic curve; (ii) It shares the common 
zeros with po at P, Q and at other five points other than R. The family 
topo + tipi for (toPi) G CP^ gives the pencil structure on CP^. We could 
choose a generic pi satisfying (i) and (ii) such that this family tangent to Ci 
at points P, Q when to ' P P 0 ) and there are at most fishtail singularities 
in the other fibers. See Figure [5l Then we blow up consecutively twice at 
P and Q, once at the other five points. We finally achieve an elliptic P(l) 
with I5 fiber and seven Ii. The homology classes for the components of I5 
are H — Ei — Eq — P7, H — E2 — Eg — Eg, E2 — P5, H — Ei — E2 — E3 and 
Pi — P4. We thus have seven disjoint sections P3, • • • , Pg. 

2. We choose a cubic po such that it’s zero set Cq has a unique double 
point P. We also choose another cubic pi such that it’s zero set Ci is smooth 
and tangent to Cq at the point P with multiplicity five (i.e., this means a 4 - 
fold tangency to one branch and transverse to the other branch). The other 
four intersections are in a general position. Notice that such a configuration 
exists since there is a cubic curve passing through any 6 given points. Then 
we choose the 6 points such that four of them are on one branch near P, one 
point is on the other branch, and the remaining one point is outside of Cq- 
If needed, we perturb the obtained curve such that the other 4 intersections 
with Cq are transversal. Now we can find a family of cubics by letting the 
first 5 of the 6 points vary in family and approach to the point P. The 
limiting curve is Ci. 
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The family toPQ + tipi for gives the pencil structure. We 

could choose pi such that this family tangent to Ci at point P (with order 
five) when to 7^ 0, and there are at most fishtail singularities in the other 
fibers. See Figure [6j We do hve blow-ups consecutively at P and once at each 
of the other four. Then we have a fiber with homology classes: Ei — E2, 
E2 — F/3, E^ — E4 ., E4. — E^ and 3 H — 2 Ei — E2 — E^ — E^ — Eg — Ej — Eq — Eg. 
The —1 curves E^, - ■ ■ ,Eq are five disjoint sections. Notice that Eq, - ■ ■ ,Eq 
intersect the same component 3 P[ — 2 Ei — E2 — E3 — E4 — Eq — Ej — Eg — Eg 
and E^ intersects an adjacent component E4 — E^. 

Apparently, the similar construction (by choosing cubic pi such that the 
zero set Ci is smooth and tangent to Cq at P with multiplicity four) works 
to produce I4 fiber with six sections. Five of them intersect the fourth 
component of I4 and the other intersects the first component. 

4 . 3 . Constructions of symplectic manifolds with 6+ = 1 and cl > 0. 

The final ingredient for our construction is the rational blowdown. Below 
we recall the definition, and refer the reader to | 18 ) for full details 

4 . 3 . 1 . Rational blowdown. Let Cp be the smooth 4 -manifold obtained by 
plumbing p — 1 disk bundles over the 2-sphere according to the diagram. 
Here the classes of the spheres have Uq = —{p+ 2 ) and uf = — 2 , with 
i = 1 , ■ ■ ■ ,p — 2 . According to Casson and Harer m, the boundary of 
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Figure 6 . Configuration of curves in CP^ 
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Cp is the lens space L{p^,p — 1) which also bounds a rational ball Bp with 
7 ri{Bp) = Zp and TTi{dBp) —)• Tii{Bp) surjective. If Cp is embedded in a 4- 
manifold X then the rational blowdown manifold Xp is obtained by replacing 
Cp with Bp, i.e., Xp = (X \ Cp) U Bp. 

Lemma 4.4. {Xp) = (X), a{Xp) = a{X) + {p- 1), cj{Xp) = cj{X) + 

{p - 1), and Xh{Xp) = Xh{X). 

Proof. Since the manifold Cp is negative definite, we have 6 ^(Xp) = 6 ^(X) 
and bf{Xp) = bf{X) — {p — 1). Thus, cr{Xp) = cr(X) + {p — 1). Using the 
formulas cf = 3a + 2e and Xh = {<7 + e)/4, we have cf(Xp) = 3a{Xp) + 
2e(Xp) = 3{a{X) + {p - 1)) + 2(e(X) - {p - 1)) = cf(X) + (p - 1) and 
Xh{Xp) = {a{X) + (p - 1) + e(X) - (p - l))/4 = Xh{X). 

□ 

It is known that if X admits a symplectic structure for which the spheres 
are symplectic and intersect positively, then the rational blowdown Xp would 
also admit a symplectic structure induced from the symplectic structures of 
X and Bp |42) . Hence, all the smooth 4-manifolds we construct below admit 
symplectic structures. 

4.3.2. An example with tti = Z 5 and cf = 2. 
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According to both constructions above E{1) has elliptic fibration with 
singularity, seven fishtail fibers and five disjoint —1 sphere sections. Perform 
a fiber sum with x using the braided torus 5(T^ x pt). By Proposi¬ 
tion |4Al these five —1 sections get glued together, yielding a symplectic —5 
sphere. Using this —5 sphere along with one —2 sphere of I5 which intersects 
only one section, we get the configuration C 3 . By rationally blowing down 
C 3 configuration, we obtain symplectic manifold with tti = Z 5 and cf = 2 . 
For the sake of completeness, we spell out the fundamental group computa¬ 
tion: using one of the two spheres of I5 fiber adjacent to the above chosen —2 
sphere, we deform the meridian of C3. Hence, the rational blowdown along 
C3 kills the fundamental groups 7ri(9i?3) = Z25 and 7ri(i33) = Z5. Thus, the 
rational blowdown surgery leaves the fundamental group unchanged. 

4.3.3. An example with vri = Z4 and = 1. 

We consider the same elliptic fibration, but use only four —1 sections when 
hber summing with x along the braided torus 4(T^ x pt). We choose 
these —1 sections such that one of —2 spheres of Is singularity intersects only 
one of these sections. By Proposition 14.11 these four —1 sections get glued 
together to give a —4 sphere in a symplectic 4-manifold with the fundamental 
group isomorphic to Z4. By rationally blowing down —4 sphere, we obtian a 
symplectic 4-manifold with cf = 1. Using the fact that the above —4 sphere 
has a dual sphere, with self-intersection —2 coming from the necklace fiber 
Is, we conclude that tti = Z4. 

Alternatively, we can obtain symplectic 4-manifold with tti = Z4 and cf = 
1 using the same elliptic fibration, but with four disjoint sections. However, 
we fiber sum it with (T^ x along the braided torus 4(T^ xpt). The 

four —1 sections are glued with a symplectic —1 sphere in class [pt x §^] — E. 
Summing spheres together, we construct a symplectic —5 sphere. Using —5 
sphere along with —2 sphere of I 5 intersecting one of the four sections, we 
have a C 3 configuration. By rationally blowing down C 3 configuration, we 
obtain symplectic 4-manifold with desired properties. 

Another way is using (T^ x S^)^2CP^ and a —2 sphere in class [pt x 
§^] — El — E 2 . We have a C/i configuration this time if we choose the elliptic 
fibration in our construction 2 . 

One could show that all these three (and other similar constructions) give 
us the same manifold. The following is a generalization of Gompf’s result 
regarding (rational) blowing down the configuration of a —4 sphere with a 
— 1 sphere. 

Proposition 4.5. Suppose we have following two configurations : 

(1) A Cn+p configuration along withp spheres of square —1 each meeting 
exactly one points with the —{n+p + 2) sphere in Cn+p- Let Xi be 
the smooth A-manifold obtained by rationally blowing down Cn+p, and 
X 2 be the smooth A-manifold obtained by first blowing down all the 
— 1 spheres, then rational blowing down the Cn configuration. 
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(2) A Cn configuration along with one more —1 sphere intersecting one 
point with the last —2 sphere in Cn- Assume that is obtained 
by rationally blowing down Cn, and X 4 is obtained by consecutively 
blowing down the —1 spheres along the reverse order of Cn chain. 

Then Xi = X 2 and X 3 = X 4 . 

4.3.4. An example with tti = Z 4 and cf = 2. 

We start with any elliptic fibration structure on ill(l) with at least eight 
disjoint —1 sections. The existence of such fibration follows from the fact 
that a generic elliptic fibration on T(l) has 9 disjoint —1 sections. We 
divide these sphere sections into two groups with 4 spheres in each group. 
By performing the symplectic summing with x along the braided torus 
4(T^ xpt), we glue four —1 sections in each group together to get two disjoint 
—4 spheres. By rationally blowing down these two —4 spheres, we obtain a 
symplectic 4-manifold with tti = Z 4 and cf = 2. 

If we only rationally blow down one of the —4 sphere, we obtain another 
example with tti = Z4 and cf = 1. 

For the sake of completeness, we present the fundamental group compu¬ 
tation in details. First, notice that each —4 spheres constructed above arises 
from two disjoint copies of x pt of the trivial fibration on x via 

summing the spheres. Hence any torus that descends from pt x will 
intersect each of these —4 spheres once. In what follows, we will show that 
there exist a singular T^, consisting of a circular chain of two —2 spheres, 
and each sphere component of this singular intersects only one of these 
—4 spheres. This point will be important in our fundamental group compu¬ 
tation. Let us now choose the such that it is disjoint from the braided 
torus 4(T^ xpt). Notice that of the two standard homology generators of the 
torus, there is one homotopic to a first homology generator of the braided 
torus. Let us denote this generator by a. We are free to choose two circles 
ai, 02 on that represent the same homology class as a and they separate 2 
intersection points. Recall that the braided torus is glued with E(l) along a 
regular fiber of E(l). We choose vanishing cycles for the circles on the fiber 
in E(l) corresponding to a*, 1 < f < 2. We will still call these curves a*. 
Since we have 6 singular fibers in the generic elliptic fibration of E{1) corre¬ 
sponding to the class a, we can pick 2 different singular fibers out of these 6 
singular fibers. We have 2 disjoint vanishing cycles intersecting the chosen 
hber at a* respectively. Using these vanishing cycles and their correspond¬ 
ing vanishing discs, we construct two spheres S'(ai,a 2 ) and S'(a 2 ,ai) in the 
symplectic 4-manifold X. Each of these spheres contains one and only one 
intersection points with —4 spheres as mentioned above. Hence the merid¬ 
ians of these two —4 spheres would be trivial in iifiX). Since t^i{X) = Z4 
by Proposition 14.11 the fundamental group of the manifold after rationally 
blowing down one or two —4 spheres is still Z4. 

4.3.5. An example with vri = Zg and cf = 3. Consider an elliptic fibration 
structure on E{1) with one I 4 singularity, eight fishtail fibers and six disjoint 
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— 1 sphere sections. Notice the six sections can be chosen such that five 
of them intersect the fourth component of I a, and the remaining sphere 
intersects the first component (as in construction 2 of Section 4.2). 

Next we perform a fiber sum with x using the braided torus 6 (T^ xpt) 
to sew the six —1 sections together get a —6 sphere. Using the first and 
second —2 spheres of I4, we obtain the configuration C4 for our rational 
blowdown. By rationally blowing down the C4 configuration, we obtain a 
symplectic 4-manifold with cf = 3 and tti = Zg. 

4.4. Constructions of symplectic 4-manifolds with ft'*' = 3 and cf > 0 . 

Using the same techniques, we can also construct symplectic 4-manifolds 
with higher 6 "*“ and cyclic fundamental groups. To illustrate this, we will 
mention three examples with 6 "*“ = 3 and cf > 0. 

4.4.1. An example with tti = Z 2 and cf = 3. Let us start with an elliptic 
fibration structure on E{1) with one Ig singularity, two I 2 fibers, two fishtails, 
and six disjoint —1 sphere sections. These —1 sections can be chosen such 
that each of them intersect a different component of Ig fiber. By performing 
the fiber of two copies of E{1) along a regular fiber, we obtain an elliptic 
fibration structure on E(2) with two Ig fibers, four I 2 fibers, four fishtails, 
and six disjoint —2 spheres. Moreover, it is easy to see that each —2 sphere 
sections has two disjoint dual —2 spheres, arrising from the components 
of two /g fibers in E{2). Let us group these six —2 sphere sections into 
three pairs. By performing fiber sum with x along the braided torus 
2 (T 2 X pt), we obtain a minimal symplectic 4-manifold with fe"*" = 3, cf = 0 
and TTi = Z 2 , which contains three disjoint —4 spheres. Moreover, it follows 
from the above discussion that each —4 sphere has a dual —2 sphere. By 
rationally blowing these three —4 spheres, we obtain a minimal symplectic 
4-manifold with 6 ^ = 3, cf = 3 and tti = Z 2 . 

4.4.2. An example with tti = Z 3 and cf = 3. We will again make use of the 
above elliptic fibration structure on E(2) with two Ig fibers, four I 2 fibers, 
four fishtails, and six disjoint —2 sphere sections. Let us group three of 
the six —2 sphere sections together. By performing fiber sum of E(2) with 

X along the braided torus 3(T^ x pt), we obtain a minimal symplectic 
4-manifold with 6 + = 3, cf = 0 and tti = Z 3 , which contains symplectic —6 
sphere. Furthemore, using this —6 sphere and two consecutive —2 spheres 
of Ig fiber, we obtain a configuration of C4 for a rational blowdown. Notice 
that the last —2 sphere of C4 has a dual —2 sphere, which comes from the 
remaining spheres of Ig fiber. By rationally blowing down C4 configuration, 
we obtain a minimal symplectic 4-manifold with cf = 3 and tti = Z 3 . 

4.4.3. An example with tti = Z 2 and cf = 4. We start with an elliptic fi¬ 
bration structure on E{2) with twenty four fishtail fibers and at least eight 
disjoint —2 sphere sections. Let us assume that half of the fishtail fibers 
have the vanishing cycles a and b in the notation given above. We group the 
sections into four pairs. Performing fiber sum with x along the braided 
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torus 2(T^ X pt) yields minimal symplectic 4-manifold X with tti = Z 2 and 
cf = 0. Moreover, this symplectic 4-manifold contains four disjoint symplec¬ 
tic —4 spheres. After rationally blowing down all these spheres, we obtain 
a symplectic 4-manifold with 6 "'“ = 3, cf = 4 and tti = Z 2 . For the sake of 
completeness, we explain the computation of the fundamental group in de¬ 
tails. Notice that each —4 spheres arises from four different 5^ of the trivial 
hbration on x T^. If we pick a in that fibration, it will intersect each 
of these 5^ (and consequently —4 spheres mentioned above) once. Further¬ 
more, this can be chosen in such a way that it is disjoint from the braided 
torus 2(T^ X pt). Recall that of the two standard first homology generators 
of the torus, there is one homotopic to a first homology generator of the 
braided torus. We will denote this generator by a. We are free to choose 
four circles ai, 02 , 03 , 04 on each representing the homology class a such 
that they separate 4 intersection points. Notice that the braided torus in 
X is glued with a regular fiber of an elliptic fibration on E{2), and 
thus we choose vanishing cycles for the circles on the fiber in E(2) corre¬ 
sponding to a*, 1 < i < 4. We will still call these curves a,. Since we have 
12 singular fibers in the generic elliptic fibration of E(2) corresponding to 
the class a. Take 4 different singular fibers out of these 12, which will give 
us 4 disjoint vanishing cycles intersecting the chosen fiber at a* respectively. 
Furthemore, using the given odering of these vanishing cycles and their cor¬ 
responding vanishing discs, we construct four matching spheres £'( 01 , 02 ), 
£( 02 , 03 ), £( 03 , 04 ), and £( 04 , 01 ) in the symplectic 4-manifold X. Each of 
these spheres contains one and only one intersection points with —4 spheres 
as mentioned above. Hence the meridians of these four —4 spheres would be 
trivial in 7 ri(A). Since t^i{X) = Z 2 , the fundamental group of the manifold 
after rationally blowing down the four —4 spheres is still Z 2 . 
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